The method of paired comparisons calls for the comparison of treatments presented in pairs to judges who prefer to better one based on their sensory evaluations. Thurstone (1927) and Mosteller (1951) employ the method of maximum likelihood to estimate the parameters of the Thurstone-Mosteller model for the paired comparisons. A Bayesian analysis of the said model using the non-informative reference (Jeffreys) prior is presented in this study. The posterior estimates (means and joint modes) of the parameters and the posterior probabilities comparing the two parameters are obtained for the analysis. The predictive probabilities that one treatment (T i ) is preferred to any other treatment (T j ) in a future single comparison are also computed. In addition, the graphs of the marginal posterior distributions of the individual parameter are drawn. The appropriateness of the model is also tested using the different test-statistics.
Introduction
In the method of paired comparisons (PC), judges are presented with pairs of treatments and for each pair, they are asked to choose the best one according to some criterion. The method of PC has been widely employed to remove the difficulties involved in simultaneously comparison of several treatments/objects. This method implies the pairwise comparison of the objects and ranks the objects by means of a score. Scientists and practitioners from various fields and backgrounds are practicing the PC technique in various tasks and researches. For the analysis of PC data, numerous models have been developed. Fluctuations in the evaluations of merits of competing treatments are captured by a random variable, which is assumed to be identically and independently distributed for all the pairs of treatments. Different distributional assumptions of the random variable lead to different models (David, 1988) . The literature reveals different situations in which the method of PC is used and it also discusses various models devoted to study these situations. For instance, Bradley (1976) , David (1988) and Davidson and Farquhar (1976) provide a detailed review of the PC models. Bradley (1953) assumes the responses following Logistic distribution and proposes the model. McCullagh (2000) advocates his model as a special case of a logistic analysis of variance model for binomial data. Stern (1990) considers an approach to build models for PC on comparing two gamma random variables and establishes the Bradley-Terry (BT) model as a special case of the gamma models. Abbas and Aslam (2009) consider Cauchy distribution to build PC model. Rao and Kupper (RK)(1967) and Davidson (1970) extend the basic models by including the effects of ties. Davidson and Beaver (1977) extend the BT model to accommodate the within-pair order effects. Aslam (2001 Aslam ( , 2002 presents the Bayesian analyses of the paired comparisons models (BT and RK) using reference prior.
The Thurstone-Mosteller model is defined and discussed in section 2. The notations for the model are given in section 3 with the likelihood function of the model. Section 4 consists of the Bayesian analysis of the model using the reference (Jeffreys) prior for three treatment parameters. The Jeffreys prior is defined and derived in this section. The posterior estimates (means and joint modes) of the parameters are determined. The posterior probabilities are calculated for the Bayesian testing of hypotheses and the predictive probabilities are also calculated for a single future comparison. Section 5 covers appropriateness of the model for three treatments. Last section 6 presents the conclusion of the analysis of the said model.
The Thurstone-Mosteller Model
In the paired comparison experiments, let we have m treatments T 1 , T 2 ,…,T m , which are to be compared in pairs. Each pair (T i , T j ), 1  i< j  m is ranked r ij times. If there are n judges then total number of paired comparisons will be n 2 Thurstone (1927) used the normal distribution in applications of the model. To compare m treatments with the restriction that no tie will occur, specifically we assume that for treatments T i and T j with respective parameters θ i and θ j if X j >X i where X i and X j are response (latent) variables and according to the Thurstone-Mosteller model, the probability distribution of the difference (X i X j ) is normal with mean (θ i θ j ) and unit variance. The probability that treatment T i is preferred to treatment T j is denoted by  ij , the probability that treatment T j is preferred to treatment T i is denoted by  ji , the model may be summarized as:
where  is the standard normal cumulative distribution function.
Notations and Likelihood Function of the Model
The following notations are used in the analysis of the Thurstone-Mosteller model. n ijk = 1 or 0 according as treatment T i is preferred to treatment T j or not in the kth repetition (k=1,2,3,...,r) of the comparisons. r ij = Total number of times that treatment T i is compared with treatment T j .
n ij = The number of times that treatment T i is preferred to treatment T j and n ij =  k ijk n n ji = The number of times that treatment T j is preferred to treatment T i and n ji =  k jik n It is to be noted that n ijk + n jik = 1 and n ij + n ji = r ij .
The probability of the observed result in the kth repetition of the treatments pair (T i , T j ) according to the Thurstone-Mosteller model is
Hence the likelihood function of the observed outcome {represents the data (r ij ,n ij , n ji )} is
where  i      , (i=1,2,3…m), these θ 1 ,θ 2 ,…, m are the worth parameters with a restriction that their sum is zero which ensures that the parameters are well defined.
Bayesian Analysis of the Model for M=3
Let us consider the case for the comparison of three treatments m=3. There are three parameters (θ 1 , θ 2, θ 3 ) when three treatments are compared pair-wise.
The likelihood function of the model is 
Jeffreys Prior for the Parameters of the Model
A non-informative prior has been suggested by Jeffreys (1946 Jeffreys ( , 1961 which is frequently used in the situation where one does not have much information about the parameters. It is defined as the density of the parameters proportional to the square root of the determinant of the Fisher's Information matrix. If is a (k×1) parameters vector then the Fisher's information is
The Jeffreys prior is derived as
Derivation of the Jeffreys Prior
, the determinant of Fisher's information matrix is: 
Similarly the other elements of the determinant are obtained. It is difficult to simplify the determinant, so it can be used numerically.
The Posterior Distribution of the Parameters
The joint posterior distribution for parameters  given data x is:
where ) , , (
is the Jeffreys prior distribution,
The marginal posterior distribution of θ 1 is:
The following simulated data set is used for drawing graphs and further analysis. The graphical presentation of the marginal posterior distributions is given below. Figure 1 
Posterior (Marginal) Densities of the Parameters

Posterior Estimates
The posterior means and the joint modes of the parameters using the Jeffreys prior are considered as the posterior estimates of the parameters. (b) Joint Posterior Modes: As the Jeffreys prior is not in closed form, so it is difficult to find the joint posterior modes mathematically so the posterior modes are obtained by sorting the maximum value of the densities. We observe that the densities are maximum at 0.0500, 0.3250 and 0.2750 which are very close to the calculated values of the posterior means and hence the similar ranking of the treatments is observed. 
Posterior Probabilities of the Hypotheses
The posterior probability 12 p of H 12 isevaluated from the expression: H is accepted with high probability.
Predictive Probabilities
The chance that treatment T 1 is preferred to T 2 in a single future comparison under the TM model is computed in terms of predictive probability
where ) (
is the preference probability of T 1 over T 2 as defined in the model and
) is the joint posterior distribution.
The predictive probabilities are obtained using quadrature method in SAS package. The value of the predictive probability 
Appropriateness of the Tm Model
To test the hypotheses that the fit is good or appropriateness of the TM model for paired comparisons, we have the following hypotheses:
H 0 : The model is appropriate for any value of the parameter θ = θ 0 H 1 : The model is not appropriate for any value of the parameter θ where θ is the vector of parameters.
For testing the appropriateness of the model, we compared the observed and expected number of preferences. The expected number of preferences are calculated using the following expressions:
For this purpose, we use the usual
The observed and expected number of preferences are given in Table 2 . The values of the different test-statistics are given below in Table 3 . 
Comments and Conclusion
The Thurstone-Mosteller model is selected for a Bayesian analysis using the reference (Jeffreys) prior. The reference (Jeffreys) prior is derived for three treatment parameters. The prior has no closed form so it is used numerically by designing a program in SAS package. The posterior estimates (means and joint modes) of the parameters are determined. The posterior probabilities are evaluated for the Bayesian testing of hypotheses for comparing two parameters. The predictive probabilities are calculated for a single future comparisons of two treatments. The appropriateness of the model is also tested through different tests which indicate that the fit is good.
